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ON THE POSITIVE PELLIAN EQUATION y2=6x2 +10

Dr. Shreemathi Adiga

Associate Professor, Department of Mathematics, Government First Grade College, Koteshwara, Kundapura,

Udupi, Karnataka, India

ABSTRACT

The binary quadratic equation represented by the positive Pellian 106 22  xy is analyzed for its distinct integer

solutions. A few interesting relations among the solutions are given. Further, employing the solutions of the above

hyperbola, we have obtained solutions of other choices of hyperbola, parabola and special pythagorean triangle.
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INTRODUCTION

A binary quadratic equation of the form 122  Dxy where D is non-square positive integer has been studied by various

mathematicians for its non-trivial integral solutions. When D takes different integral values [1-2]. For an extensive review

of various problems, one may refer [3-12]. In this communication, a hyperbola given by 106 22  xy is considered and

infinitely many integer solutions are obtained. A few interesting properties among the solutions are obtained.

METHOD OF ANALYSIS

The positive Pell equation representing hyperbola under consideration is

106 22  xy (1)

whose smallest positive integer solution ),( 00 yx is

4,1 00  yx

To obtain the other solutions of (1), consider the Pell equation

16 22  xy

whose smallest positive integer solution is

0
~x =2, 5~

0 y (2)
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Whose general solution is given by

nn

nn

fy

gx

2

1~

62

1~





Where

    11
625625




nn

nf ,

    ...1,0,1,625625
11




ng
nn

n

To obtain the sequence of solutions of (1), we employ the lemma known as

Brahmagupta lemma stated as follows:

If  00 , yx and  11 , yx represent the solutions of the pell equations 1
22 kDxy  and 2

22 kDxy 

 freesquareandD 0 respectively, then  10101010 , xDxyyxyyx  represents the solution of the pell

equation 21
22 kkDxy 

Applying Brahmagupta lemma between  00 , yx and  nn yx ~,~ , the other integer solutions of (1) are given by

nnn gfx
6

2

2

1
1 

nnn gfy
6

3
21 

nnn gfx 4662 1   (3)

nnn gfy 3626 1  (4)

Replacing n by 1n in (3), we get

112 4662   nnn gfx

   nnnnn fggfx 6254625662 2 

nnn gfx 3261362 2  (5)

Replacing n by 1n in (5), we get

113 3261362   nnn gfx
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   nnnnn fggfx 6253262561362 3 

nnn gfx 316612962 3  (6)

Replacing n by 1n in (4), we get

112 3626   nnn gfy

   nnnn fggf 625362562 

nnn gfy 396166 2  (7)

Replacing n by 1n in (7), we get

113 396166   nnn gfy

   nnnn fggf 62539625616 

nnn gfy 38761586 3  (8)

These are representing the non-zero distinct integer solutions of (1)

A few numerical examples are given in the following Table 1

Table 1: Numerical Examples

n 1nx 1ny
-1 1 4
0 13 32
1 129 316
2 1277 3128
3 12641 30964
4 125133 306512

The recurrence relations satisfied by the values of 1nx and 1ny are respectively,

010 123   nnn xxx , ....1,0,1n

010 123   nnn yyy
, ....1,0,1n

A few interesting relations among the solutions are given below:

1nx is always odd, 1ny is always even and  4mod01 ny .
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Relations among the Solutions

 025105 112   nnn xyx

 010525 212   nnn yxx

 01025245 312   nnn yxx

 056025 211   nnn yxy

 025605 221   nnn yxy

 02456025 231   nnn yxy

Nasty Numbers

Solving (3) and (5), we get

 12 8
5

2
  nnn xxf (9)

 2113
10

6
  nnn xxg

(10)

Replacing n by 12 n in (9), we have

 223212 8
5
2

  nnn xxf

Note that,

2
12 2 nn ff 

Now,

  2
2232 628

5

2
6 nnn fxx 



  

N1=   



   128

5

12
2232 nn xx is a Nasty number.

The other choices of Nasty numbers are presented below

 N2 =   



   1213
5

3
3222 nn yy

 N3 =   



   12392
25

12
2232 nn xy
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 N4 =   



   12632
25

6
3222 nn xy

Cubical Integers

Replacing n by 23 n in (9), we have

 334323 8
5

2
  nnn xxf

Now,

nnn fff 33
23 

3
23 3 nnn fff 

    124343
3 8

5

6
8

5

2
  nnnnn xxxxf

    1243431 8
5

6
8

5

2
  nnnn xxxxC

is a Cubical integer.

The other choices of Cubical integers are presented below:

     2143332 13
10

3
13

10

1
  nnnn yyyyC

     1233433 392
25

6
392

25

2
  nnnn xyxyC

     2143334 632
25

3
632

25

1
  nnnn xyxyC

Bi-Quadratic Integers

Replacing n by 34 n in (9), we have

 445434 8
5

2
  nnn xxf

Now, 42
34 24 nnn fff 

    228
5

2
48

5

2
22324454

4 



   nnnnn xxxxf

    68
5

8
8

5

2
22324454 



   nnnn xxxx1B is a Bi-quadratic integer.
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The other choices of Bi-quadratic integers are presented below:

     613
10

4
13

10

1
322254442




   nnnn yyyyB

     6392
25

8
392

25

2
223244543 



   nnnn xyxyB

     6632
25

4
632

25

1
322254444 



   nnnn xyxyB

REMARKABLE OBSERVATIONS

Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of

hyperbola which are presented below:

Solving (4) and (7), we get

Xfn 10

1
 (11)

Ygn 15

6
 (12)

where

2113   nn yyX

12 8   nn yyY

We know that, 422  nn gf (13)

Substituting (11) and (12) in (13), we have

4
15

6

10

22















Y
X

4
225

6

100

1 22  YX

3600249 22  YX which represents the Hyperbola.

The other choices of hyperbolas are presented in the Table: 2 below
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Table 2: Hyperbolas

S.No Hyperbolas  YX ,

1 400616 22  YX  2112 13,8   nnnn xxxx

2 250064 22  YX  2112 32,392   nnnn yxxy

3 25006 22  YX  1221 134,124   nnnn yxxy

Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices

of parabolas which are presented below:

Solving (3) and (5), we get

Xfn 5

2
 Ygn 10

6
 (14)

where

 12 8   nn xxX

 2113   nn xxY Replacing n by 12 n in (9), we have

 223212 8
5

2
  nnn xxf

Note that

2
12 2 nn ff 

  28
5

2
2232

2   nnn xxf

2
5

22  Xfn
(15)

22

100

6
Ygn 

(16)

Substituting (15) and (16) in (13), we have

2
100

6

5

2 2  YX

200640 2  YX which represents a Parabola.
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The other choice of parabolas is presented in the Table: 3 below:

Table 3: Parabolas

S. No Parabolas  YX ,

1 9001245 2  YX  123222 8,13   nnnn yyyy

2 900618 2  YX  212232 32,392   nnnn yxxy

3 1250625 2  YX  123222 134,632   nnnn yxxy

Generation of the Pythagorean Triangle

Let p, q be the non-zero distinct integers such that 111 ,   nnn xqyxp

Note that 0 qp . Treat p, q as the generators of the Pythagorean triangle  ZYXT ,,

0,,,2 2222  qpqpZqpYpqX

Then

Z-X = (p-q)2 Z-Y=2q2

Let ( Z-X)= 3(Z-Y) +10

(p-q)2 =6q2 +10

6q2 =Z-X-10 (1)

Z-X=6q2 +10

Y2 =6X2 +10 :

Where

(p-q)=Y X=q

Let A,P represent the area and perimeter of T

Then

2A/P = 2(pq(p2-q2)/2p(p+q) =q(p-q)

4A/P =2pq-2q2

6q2 =6pq-12A/P =3(X-4A/P) (2) from (1) and (2)

So the following interesting relations are observed.

 1023  ZXY

 10
12

4 
P

A
XZ

 4
3

A
X

P
  
 

is a Nasty number
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
11

2
 nn yx

P

A

CONCLUSIONS

In this paper we presented infinitely many integer solutions to the hyperbola represented by the positive pell equation

106 22  xy along with suitable relations between the solutions, Since Quadratic Diophantine equations are infinite, one

may attempt to determine integer solutions of other equations of degree 2 as well as higher degree with suitable properties.
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